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THE EFFECT OF A SUDDEN CHANGE OF SHAPE OF THE
BOTTOM OF A SLIGHTLY COMPRESSIBLE OCEAN

By C. C. L. SELLS
Stdney Sussex College, Cambridge
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When a block on the rigid bottom of a layer of slightly compressible gravitating liquid is instan-
taneously jerked upwards, acoustic and gravity waves are developed. In this paper a two-dimen-
sional problem is set up, with an infinite-strip block in a layer of uniform depth. There are two
distinct regions in space and time; in one (the first in time), the acoustic disturbance predominates
with gravity entering as a perturbation, in the other the gravity disturbance is dominant, with com-
pressibility producing a small correction to the motion. In both cases, the ratio of the velocities
of long gravity waves and of sound in the medium characterizes the perturbation terms.

The form of the acoustic pulses from a source of this type appears to be of theoretical interest, as
point and line sources are usually treated in the literature. The gravity waves are akin to Cauchy—
Poisson waves and have been much studied in connexion with tsunamis and ocean waves in
general, but the treatment of the compressibility effect is thought to be original.

INTRODUCTION

The aim of the present work is to study the disturbance at the free surface of a gravitating
and slightly compressible liquid layer (ocean) of constant finite depth, when a block of the
solid bottom is suddenly jerked upwards through a small distance. The problem is treated as
two-dimensional, that is, the block is taken to be a very long strip of constant width.

This form of initial disturbance is a possible representation of the sea-bed earthquake
or volcanic action which generates tsunamis, or long gravity waves of destructive effect;
indeed, it is essentially the form used by Hendrickson (1962) in his appendix to a general
survey of tsunamis (Wilson, Webb & Hendrickson 1962). Stoneley (1963) following Jeffreys
& Jeffreys (1956, §17.09), uses a similar block elevation at the water surface, and derives
a result for the surface displacement at the head of the gravity wave train, modified slightly
by compressibility. Takahasi (1947) derives the formal solution (without compressibility)
for a general two-dimensional bed disturbance and then assumes that the width of the dis-
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496 C. C. L. SELLS

turbance is very large (of order 100 km) compared with the depth of the ocean and accord-
ingly evaluates the integrals very approximately. Hendrickson (1962) works on the oppo-
site hypothesis, namely that the width is small compared with the depth.

Earthquake fault lengths of the order of tens of kilometres, or many times the ocean depth,
are known, so this representation of an ocean bed disturbance as a long strip is not neces-
sarily unrealistic, although the solution, regarded as a function of the disturbance, will be
of demonstrable value only at a distance from the strip small compared with its length.
This need not be inconsistent with the requirement, posed in later sections of this paper,
that this distance be large compared with the layer depth. Moreover, we later derive a
result for the compressible-fluid effect on the velocity of the gravity wavefront which depends
only on the layer depth and not on any other length scale of the problem, and we may expect
that the strip length will likewise have little effect on this velocity. However, in the realm
of finite initial disturbances, Unoki & Nakano (1953) have considered the Cauchy—Poisson
problem for circular disturbances at the surface (similar to Stoneley in this respect), of
both impulse and elevation type, and they examine two distributions of impulse over the
surface, block and smoothly heaped; they ignore compressibility.

It is almost certain that the locality of the recording station is of great importance in
determining the essential characteristics of a distant tsunami record. Unoki & Nakano
(1953) successfully isolated some features of their records and showed that the initial dis-
turbance (assumed to be at the surface) was of impulse rather than elevation type; more-
over, they were able to distinguish between block or heaped-up distributions by the pre-
sence or absence of beats in the record; but their tsunamis were generated comparatively
locally, and presumably the effect of the run-up to the station was not as marked as it would
have been at a more distant station. Munk (1962), discussing distant tsunami readings, has
this to say: ‘In general it is found that the spectra of different tsunamis at any one station
look alike, whereas one tsunami at different stations has no reproducible spectral features.
The inevitable conclusion is that tsunami records are governed principally by the bottom
topography near the recording station, and not by the character of the source.’

Thus the determination of the type of earthquake responsible for a given tsunami is
difficult except from local or sea station records.

Little seems to have been written on compression waves in the ocean. Pidduck (1912)
gave the formal solution, as an integral, for a point source in a liquid layer of finite depth,
and showed that the Cauchy—-Poisson formula is obtained by passing to the limit of infinite
sound velocity, so that the disturbance manifests itself instantaneously at any point. Bondi
(1947) investigated the effects of gravity and surface tension on a compressible fluid half-
space, with a point source of waves at a finite depth; he found that ‘faster-than-sound’
propagation along the bounding free surface is possible under the action of surface tension,
but that no such phenomenon can occur under gravity action alone. As remarked above,
Stoneley (1963) has noted the first-order effect of the sound velocity on the gravity wave
near the front. In Bondi’s work the shape of the compression wave (and its reflexion in the
boundary surface) is given by elementary acoustic theory, but the other authors do not treat
the direct and reflected waves which are the sine qua non of seismology, beside the various
surface and interface waves which may arise. Stoneley (1963) comments that the sound
waves will presumably show up as the 7-phase on a seismogram, but does not investigate
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them further. However, the compressible ocean is taken into account in the theory of sub-
oceanic Rayleigh waves (Stoneley 1926), which thus belong to the family of interface waves
just mentioned.

In this work, it will be shown that the acoustic surface disturbance separates into two
parts. There is in general a system of sound waves, direct and due to reflexion alternately
at the free surface and the bottom, from the edges of the block disturbance (hereafter
referred to as ‘the block’, for convenience), but for an observer directly over the block,
another system arises from the point of it nearest to the observer. The first system is de-
scribed in §2 (exact pure acoustic disturbance, with gravity correction) and in §3 (asymp-
totic expansion at very large distances), the second system is treated in §4. This second
system is an alternating set of discontinuous jumps, again direct and reflected. Unoki &
Nakano (1953) report that a vessel which happened to be passing over a submarine volcano
at the moment of eruption received a violent ‘sea shock’; this agrees with the predicted
theoretical result for the direct wave. In practice the subsequent reflexions would not be as
strong as in the theory, because of transmission of some energy as seismic waves and pos-
sibly owing to absorption at a soft layer on the sea-bed—both these factors reduce the re-
flexion coeflicient at the bottom. Also in practice the initial shock is less severe than that
given here, as the block is not instantaneously disturbed.

In the theory of the sound waves, we regard gravity as a small correction or perturbation
near the beginning of each wave; the correction is calculated to the first-order in the
parameter (gh/c?) and its product with dimensionless time (c#/), where £ is the layer depth
and ¢ is the sound velocity, and gravity is otherwise regarded purely as a means of maintain-
ing contact between the liquid and the bottom. We can describe the sound wave system
as a pure acoustic disturbance, modified by a gravity perturbation. Since this perturbation
involves the time, it increases in importance as time goes on, and eventually the acoustic
disturbance is swamped by the gravity terms. For a heavy and slightly compressible liquid
this occurs in a comparatively short time, so that the gravity waves will predominate
rapidly and the acoustic disturbance will be hardly noticeable to an observer. Apart
from this, we have the dissipative effects mentioned above for an acoustic reflexion at the
bottom in a practical case such as the sea, which induce something of the order of exponen-
tial damping in the acoustic waves.

In both the acoustic wave and the following gravity wave treatment, the problem is
fully linearized ; this is satisfactory for not too large times, since the disturbance amplitude
is assumed small compared with the depth. Thus, possible non-linear effects, such as a
steepening, unpredicted by the linear theory, of the wave fronts are ignored.

After the sound waves come the gravity waves, modified only slightly by compressibility.
In the incompressible case, we find that the surface initially heaps up over the block, but
the displacement decays to zero at large distances as we would expect; then the heaped-up
elevation spreads out into progressive waves in each direction; the development of the first
wave is described by three terms in an expansion in power series of an appropriate dimen-
sionless time variable (§6). Webb (1962) claims, without appending calculations, that in
an incompressible fluid, on passing to the limit of an instantaneous block upthrust, the
surface profile matches the block immediately; this idea seems to have been due to a con-

sideration SOlCly Of the SCCOHd system of‘sea ShOCkS i antiOl’lCd above and iS an erroneous
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conclusion as the present calculation reveals. In fact, this paper shows that the result of
adding all the compression arrivals together in both systems and proceeding to the limit of
infinite sound velocity and zero time—this being the time at which all the arrivals come in
together in this limit—is exactly the same as the formula for the initial elevation over the
block in the incompressible theory.

At large distances, the gravity wave takes on more and more the appearance of an Airy
function, exponentially small in front and oscillatory behind (§7). The leading wave propa-
gates with the velocity (gh)* of long waves in liquid of depth A, with a decaying wave train
behind it. The effect of compressibility is now of the first-order of small quantities, again
involving the parameter (gk/c?), and can be approximately inserted into the expression for
the leading wave to show that the velocity of this wave is decreased by a factor (1 — }gh/c?).
Lastly, in §8, the tail or coda of the wave is examined for times long after the passing of the
leading wave, and is found to be an exponentially damped non-dispersive train of waves
moving a little faster than ordinary long waves and with wavelength about 5-6 times the
depth. The compression effect is again calculated, and is found to be an increase in the coda
velocity, by a factor {1+0-09 gh/c?}, together with a decrease in the damping coefficient
with regard to time. The coda is not the limit for large time of the Airy function describing
the leading wave; a transition takes place from one form to the other as the time increases
beyond a certain value, depending on the observation point, but certainly greater than the
leading wave travel time.

Itwill be noticed thatin all steps of the solution—for both the acoustic disturbance modified
by gravity, and the gravity wave modified by compressibility—expansion in powers of a
dimensionless parameter (gh/c?) is involved, and squares and higher powers have been
neglected. The occurrence of g in the numerator makes the parameter relevant for the first
type of disturbance—if g tends to zero, a pure acoustic problem develops (which has been
completely solved in this paper); the factor ¢? in the denominator causes the parameter
likewise to tend to zero as the sound velocity increases and becomes infinite in the limit of
incompressible fluid with gravity waves only. The parameter is thus very useful in both
types of approximate treatment of the problem.

1. THE GOVERNING EQUATIONS AND THE FORMAL SOLUTION

We take a system of Cartesian co-ordinates (x,z) with the origin at the midpoint of the
block on the ocean floor, the x axis in a horizontal direction perpendicular to the edge of the
block, and the z axis vertically upwards (see figure 1). The total width of the block is 24,
so that its edges are at (4-a, 0), the ocean will be taken as having uniform length 4, and we
suppose that the block is jerked suddenly upwards through unit distance at time ¢ = 0,
so that the displacement of the sea-bed in the z-direction is given by

H()  |5]<a. (11)
0  otherwise

The linearized equation for the displacement potential ¢, defining displacements
(d¢|ox, d]dz), in a gravitating compressible fluid with constant sound velocity ¢ throughout
its depth, is (Lamb 1957; Bondi 1947; Stoneley 1926)

1 92¢ﬁ 9 ¢ .
p"gﬁ*v ¢_27’3—Z: (1-2)
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where y = g/2. (1-3)
We may put ¢ = yev? (1-4)
. . 10% )
and then the equation for ¥ is 2 V2 —y2y. (1-5)
z
h

et
T a a
Ficure 1. The physical situation.
Let us take an even Fourier transform in x and a Laplace transform in ¢,

¥ f : dwcos (kx) f : dte=riy. (1-6)

Then from (1-5), ¥ satisfies the ordinary differential equation

d2¥ 2

dz2 (kZ“H’ ‘i‘p) (1-7)
with the general solution W' = B(k, p) er*+ C(k, p) e+, (1-8)
where po= (B2+y2-+p2c)t  (Bu>0). (1-9)

B and C must now be chosen to satisfy the boundary conditions at the bottom z = 0
and at the free surface z = /. At the bottom, the vertical displacement

|0z = (09| dz+yy) ™7
is given by the formulae (1-1) ; we take the double transform of these expressions, as given by

(1:6), and note that the Laplace transform of H(¢) is 1 /p and the even Fourier transform of the
function (0, [%| > a; 1, |x] <a) is

chos (kx) dx = sin (ka). (110)

Substituting (1-8) into the transformed boundary condition and putting z = 0, we find
(1) B—(1~7) € = i (ka). (1-11)
At the free surface z = £, if the surface displacement is 7, we have the kinematic condition
1= (99/92) - (1-12)

and from Bernoulli’s equation gn+(9%p/o?),_, =0, (1-13)

92 P 2
so that g3¢+ 3;5 = g( 4 )—l—aag e’z =0 (1-14)
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500 C. C. L. SELLS
at z = h. The transform of this equation (1-14) with (1-8) yields
[ +g(u+y)] et B+ [p*—g(u—y)]e " C = 0. (1-15)
The solution of equations (1-11), (1-15) is
B — [P —g(p—y) e sin (ka) (1-16)
(u=y) [+ g(uty) e (uty) [P —glu—y)]e ™ pk
C = [pz_i_g(lu"l‘y)] e sin (ka) . (1.17)

C(u=) [P g ()T e (uty) [P —glp—y)]e ™ pk

Now the inverse transform of (1-6) is
1 2 [
_ —— pt—-— .
271idepe ﬂfo W' dk cos (kx), (1-18)

where L is the Bromwich contour in the complex p plane running from «x—ico to x4-ico
in such a way that all the singularities of the integrand lie on the left. Then the surface dis-
placement 7 is given from (1-4), (1-8), (1-13), (1-16) and (1:17) as
kx) sin (ka)
B yh_ dpe f cos ( . .
oy 090 [ bt (i gsind (1) g 5 s (4

The remainder of this work is devoted to a discussion of 7 as given by (1-:19). We shall
find it very useful to consider the sine and cosine product as two sines:

(1-19)

cos(kx) sin (ka) = [sink(x+a) —sink(x—a)]
= I[sink(a+x) +sink(a—=x)]. (1-20)
We accordingly consider
sin (kX)
2n?i f pape? f 'k p? cosh (uh) +ugsinh (uk) —y(yg +p?) sinh (uk) [

with the understanding that X > 0 and that when this function has been evaluated, 7 is to
be found by adding the result for X = a—x to that for X = a+x, when both these are
positive, that is, when |x| < ¢ and the displacement is being observed at a point directly
over the block; while, when x > a, 7 is to be found by subtracting the result for X = x—a
from that for X = x+a. This corresponds to all other points on the surface. The case
x < —a follows from x > a since the disturbance is an even function of x.

Ny = e'yh (1'21)

2. THE PURE ACOUSTIC ARRIVALS FROM THE EDGES, WITH
GRAVITY PERTURBATIONS

We consider the integral (1-21) for the surface displacement 7.

From theoretical experience, we know that at least part of the integral will contain
terms representing a disturbance travelling with the speed of sound in the liquid. The ocean
is treated as an acoustic medium with gravity acting as the mechanism holding it in contact
with the bottom and exerting only a perturbing influence on the acoustic waves. A para-
meter characterizing the perturbation is clearly y times some characteristic length scale;
this may be taken as # near X = 0, and may possibly be X when X/# is large, that is, at a
great distance from the block. (Later on, observing the motion at a fixed X, we obtain the
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well known gravity waves in an almost incompressible medium. For long waves, their
velocity is (gh)* and since the ratio of this velocity to ¢ is small for most oceans, the two kinds
of motion are well separated in time.)

Itis accordingly convenient to expand the expression for 7, in powers of y times some un-
known length, or velocity-time, scale, and retain the zero-order term as the pure acoustic
disturbance while the first-order term will be a measure of the gravity perturbation. We
treat g similarly, since g = 2¢%y (but keep g and y separate for convenience, for the moment).
It is fortunate that this attack is available, since the factor u = (y2-+k2+p?/c)? in the
hyperbolic arguments causes great mathematical difficulties in exact treatment of the
problem. The neglect of y2, however, renders it comparatively simple.

The method which we will apply in this section is to expand the integrand in (1-21)
in powers of e™#" (wave expansion), as well as of y, and then use Cagniard’s (1939) tech-
nique to transform the double integrals into single convolution integrals the first few of
which can be evaluated exactly. The idea is to write the double integrals essentially in the
form of a Laplace transform and its inverse; Cagniard’s original paper was applicable to a
more complicated type of integral with two radicals, but the present case—with the simpli-
fications described above—is straightforward.

We start by writing, in (1:21)

sin (kX) = — J e~ ikX, (2-1)

Then the wave expansion gives

[£? cosh (uh) +{wg—y(p*+7g)} sinh (k) [u] ™!

:])23720(_)7:{1_]_(2”4_1) Q.__%uﬂ@_l_O('yfz )’202 gQﬂZ)}e_(an)/Ah' (2.2)

wop ot
We now change the variable £ to 6, to factor p out of the exponents, by
k = pb, (2-3)
so that = (k24p*fc2)E = pv, (24)
and the nth exponent is
—1kX—(2n+1) ph = —p{i0 X+ (2n+ 1) vh}, (2-5)
where v = (62+1/c®)% (2-6)

Since (2-1) has introduced a simple pole singularity at the origin £ = 0 (now 4 = 0)
in the integrand (1-21), we must replace the lower limit 0 by a small real positive number
¢ in the f-plane, take the imaginary part required by (2-1) and then the limit as § — 0.
The result of all these operations on (1:21) is

1 2 .. >df & .
ﬂxz—evhmepdpel”.P%_rgffs »ﬁ—ngo(—-)”exp —pl(2n+1) vh+i16X]

X{1+(2n41) (y—g?) pv}.  (2°7)

(2°8)

and R2 = X2+ H2. (2-9)
We change the variable again, to { defined for each z by

{=H,v+1X0. (2:10)

For brevity, write H,= (2n+1)k
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Solving for 6, we find: R0 = —iX{+H, (32— R2/c?)3, (2:11)
where the positive radical is to be taken for { real and { > R, /c;
R 3‘2 @ P;f-/zz— _ix, (2-12)
0 =0 corresponds to (= H,/c, (2-13)
R2y = H {—iX((2—R2/c?)%. (2-14)

The contour of integration I' in the { plane is shown in figure 2.

¢ plane

Xeh

‘éHn R

wi®)”

(44
Ficure 2. The Cagniard integration contour.

At { = H,Jc, d{/d0 = iX, so the contour starts out in the direction of the imaginary axis.
The point § = § goes over into { = H, /¢ +1X0, to first-order in §. As f increases without limit,
arg { approaches the value tan~! (X/H,), by (2:10), so ' has an asymptote along the line
shown.

We now distort I'into the following path: a small quadrantal arc of radius X¢ described
in the negative direction, bringing us to the real axis; the real axis from this point

{=H,Jc+Xd to {=-too;
and an arc at infinity connecting the real axis to I" and the asymptote. The contribution
to the integral from the arc at infinity vanishes because of the exponential factor exp(—p{) ;
the contribution from the small quadrantal arc is the residue at { = H,/c multiplied by
(— §im), and is denoted by 7, and evaluated in §4; the contribution from the real axis we
shall call 7.

Substituting (2-10) to (2-14) into (2-7), and making use of the fact that over the range
¢{=H [c+X0to { = R,[c, the radical ({>— R2/c?)? is pure imaginary for sufficiently small 0
and X = 0, we find that the integrand is real over this segment of the real axis, so that there
is no contribution to (2-7) from the segment and we may replace the lower limit of the
integration by { = R,/¢c. Since this point is a branch point singularity only, we can inte-
grate over it. The imaginary part can be extracted and simplified, and in the perturbation
terms we use the relation g = 2¢%y to cancel two terms, but still retain y and g separately;
then the contribution from the real axis to 7, becomes

w21 [ dp, HX e-htdl
Ny=—¢v WZWIfLP et Z( )" { fRn/E (CZ—RZ/C2)%(§2—~H%/62)
(@2n+1)X = [g(LP—R3[c®) /Ry —y]{e #dl)
N W = e )
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Now, either by use of the convolution theorem for Laplace transforms or by interchanging
the order of integration and carrying out the p integration, we have for m > 0

o] Sl [ e seag— i be-) [ (- 0O A (216)

Hence
N, = _gevhéo( J*H(t—R,[c ){H XfRn,C (¢ 2—R2/€2)(§é(’ F—H3 )
+enenx| e~ H;/f/%fzg 2 55/:2)0 “
_ __%eyh i (_)nH(t_EE) {tan—l 2?5}5“22232;1];%)}{2
(e ) O e )
(217)

n=0

+(2n+1) | 555

The arctangents are to be taken between 0 and 7.
The leading term in (2-17) is exactly the pure acoustic disturbance from the edge corre-
sponding to X. We here recall that for |x| < a, the values for X = a4-x are added together,
and for x > g, the value for X = x—a is subtracted from that for X = x+a.
The behaviour of the pure acoustic part, which we may denote by 7,e?* to remove the
factor e”*, near the arrival times ¢ = R, /c is given by
H, ( Rn)’l'

XRV p (2-18)

So the profile rises and falls steeply from its values at ¢ = R, /¢, for each #, in approximately
parabolic manner. The separate terms are bounded as ¢ - o0, and the bound of the (z-+1)th

term in 7, is 1 2HX 2 H (2-19)
T X2—H: X
N
\
2h| N
X -
S \\
h Q\\\\\ \\
BT
,' ,,/ ,I
v ,/ ,’
2h /,//’/, ’
b7 pd
/
7/
2h|
V4
’/

Ficure 3. The image system for reflected arrivals.

By (2-9) the arrivals are direct (z = 0) and n-times reflected waves at free surface and
bottom in accordance with the theory of geometrical optics, since the travel times are
those from a system of images under reflexion (figure 3). The changes of sign of each term
correspond to a change 7 of phase of the wave on reflexion at the rigid bottom.

63 VoL. 258. A,
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There are two such sets of arrivals, one from each edge. For a point not over the block,
with x > a, the first arrival is from the nearer edge, is in the same directional sense as the
block upthrust, and so represents a compression wave; but the first direct arrival from the
back edge is in the opposite sense (indicated by a negative sign) and can be described as a
rarefaction wave. This is because the block can be split into two terms and written

z=H(a—x)—H(—a—x);
H(a—x) is 0 for x > a and 1 for x < a, so this is a positive step pushed into the liquid which
one expects naturally to produce a compression wave; the term —H(—a—x)is 0 forx > —a
and —1 for x < —a, which leads one to expect a rarefaction wave from this edge. At a
point directly over the block, with —a < x < a, both first arrivals are rarefactive. Actually
these are not the leading manifestations in time of the whole disturbance 7, for there is also
an arrival 7, from the nearest point of the block, the foot of the perpendicular to it from
the observation point, which reaches the observation point first. This will be studied in §4.

To facilitate computation, we now introduce the dimensionless time and distance
quantities T =ctlh, Y==xfh (2-20)
and we write also N =2n+1. (2-21)
Then (2:17) gives

12 QNYT (T?—Y2—N2)t
o=y 2 (D HIT— (T4 Nl tan”! T2(Y2—J(VZ)—I—N2(Y2+)NQ)'

N odd

(2-22)

We may recall that for x > a, we subtract the result for X = x—a from that for X = x+a.
Hence, for X = x—a, ¥ = (x—a)/h > 0, the leading arrival (N = 1) of 5, is positive.

The first five arrivals of the purely acoustic disturbance for the particular value ¥ = 1
are shown in figure 4. The behaviour at the beginning of each arrival is well exhibited, as
also the arctangent behaviour which takes over fairly soon after each steep rise or fall.
A particular termin (2-22) startsat 7" = (Y2 N?)}and tends to (2/7) tan~! (N/Y) in absolute
value as 7" —o0; thus at a fixed Y, after a large number of arrivals N o0, the oscillation
tends to the value 1.

We can describe in general terms the effect of varying Y. As Y increases, the arrival time
for each N increases, so that the record is stretched in the direction of the 7" axis. Also the
limiting value (2/7) tan~! (N/Y) of each term decreases, so that the individual peaks of the
arrival record are flattened out. Ultimately, however, the oscillation still tends to 1.

The composite record of pure acoustic waves from the edges is a superposition of the
record for arrivals from the nearer edge and a similarly alternating record for arrivals
from the farther edge. If the observation point is over the block, the first arrivals will both
be negative, in the contrary case that from the nearer edge will be positive. Moreover,
after a sufficiently long time, the two sets of arrivals will interlace. The condition for the
nth arrival from the farther edge to lie between the nth and (z+ 1)th arrivals from the nearer
edge is (x > 0)

|x—a|?24(2n—1)2R2 < (x+a)?+ (2n—1)2h% < |x—a|?+ (2n+1)2h2.
The first inequality is obviously satisfied ; the second gives
n> %(ax/}zz). (2.23)
So the arrivals will interlace after the time corresponding to this value of z.
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In practice, as mentioned in the Introduction, there will be considerable loss in ampli-
tude of the reflexion arrivals, perhaps because a soft bottom will cushion the disturbance,
and certainly because some of the associated energy will be transmitted into the solid
medium as seismic waves. Thus the oscillation in each record will not tend to 1, but will
decay to zero with time.

o6h =1

04—

Ne

FiGURE 4. Arrivals from near edge, at a point not over the block disturbance.

It remains for us to consider the effect of gravity on the acoustic-dominant disturbance
74 By (2:17), after some algebra, the first-order terms (involving g) are found to behave
like (t—R,/c)? near the arrival times, and so are less important than the terms 7, which
suffer discontinuities in slope at the arrival times. Over a period of a few reflexions, t—R, /¢
is of order %/c if X/h is small, and of order X/c if X/h is large, so that the ratio of the perturba-
tion terms to 5, (about g(¢— R, [c)[c) is gh/c? or gX[c? in the two cases. The length scale must
be of the order of hundreds of kilometres for this ratio to be significant for the ocean. At
much later times, however, the gravity terms will dominate; this will represent the tran-
sition zone.

By use of (2-2) we may show rigorously that the higher powers g™ or y™ of gravity are
associated with higher powers (¢— R, /c)™*? of the retarded time, for each integer value of
m, near the (n--1)th arrival time. The proof first associates these powers with descending
powers of p; the behaviour of the Laplace transforms for large p is connected with that of
the pulses near their arrival times (see, for instance, Friedlander 1958), and this is verified
directly by the remainder of the proof.

3. ASYMPTOTIC FORM OF THE EDGE ARRIVALS AT A GREAT DISTANCE

In §2 we obtained exact forms for the acoustic disturbance, and a perturbation due
to gravity. But, by use of a different approach to the original integrals, we can obtain
another result which is an approximation only, but should be mathematically valid when

X is so large that y.X becomes comparable with unity. This arises because of a curious term
63-2
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in the integrand of (1:12). It may possibly give a better picture of the acoustic arrivals
1,4 (now coupled with gravity) at large X /A than the expressions (2-17), as we have doubts
about the effects of gravity on one pulse, between arrival times, for yX ~ 1.

The approximate technique which we shall apply here is due to Sommerfeld, and depends
on the branch lines in the integration with regard to £, when £ (and p) are considered as
complex numbers. We write

sin (kX) = }i(eitX —e~itX), (3-1)
and take a wave expansion of the integrand as it stands, without performing any expansion
in powers of y,

[ p* cosh (uh) -+ pgsinh (uh) —y(yg+p?) sinh (uh) [u] 7

_ 2 S P> —pg YD) BV -niny (3.9
y(7g+ﬁ2)~ﬂﬁ2——ﬂ"‘gn§( ){p2+ﬂg y(7g+ﬁ2)/ﬂ} e (32)

The integration contour for e**(X > 0) is now distorted in the £ plane into a small quad-
rantal arc about the origin, which is now a pole, to the positive imaginary axis, and along
this axis to a large quadrantal arc connecting it to the positive real axis at infinity; on ac-
count of the factor e!#%, the contribution from this last is vanishingly small ( Jordan’s lemma).
Similarly, the integration contour for e~ is distorted to the negative imaginary axis and
two other quadrantal arcs. The contributions from the two imaginary axis integrals are
found to cancel. The contributions from the quadrants round the pole are equivalent to
1 (see §4).

Now (1-21) has no branch point as it stands, because it contains only even functions of
4. But under the wave expansion this property fails and a branch point appears at 4 = 0,
from (1-9). When the Laplace transform is inverted, p is a complex number which can
always be taken to have positive real part, but the imaginary part runs from negative to
positive values. For #p > 0, there is a branch point g = 0, £ = —1(p?/c2+7?)* in the fourth
quadrant of the £ plane, which lies between the paths for e~#*% and so will contribute to that
integral; for #p < 0, the branch point £ = i(p2/c2-+y2)? in the first quadrant contributes to
the integral for ei*X.

If we take the branch cuts to be given by %u = 0, so that the correct branch of x in the
k plane is Zpu > 0, the cuts are hyperbolic arcs from these points to +ico respectively, and
the contours must include loops about these cuts as shown in figure 5. These loops form the
Sommerfeld contour (Lapwood 1949). On these loops we set

# =1, (3-3)

where v is real. Then on the corresponding branch cuts, we find to order »?

FikX = : X2 2
e e[ -2
By (3-4) the principal contribution will come from the nelghbourhood of the branch
points v = 0 (i.e. # = 0). So the classic technique is to expand the rest of the integrand in
powers of u (or v) ; integration term by term then yields the asymptotic expansion in powers
of 1/ X, so the method is best applied for small values of this parameter. We shall keep only
the leading terms here. Using (3:2), (3-3), (3-4) and (1-9), the £ integral in (1-21) is

(3-4)
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transformed by the change to variable v (which runs from —oo toco for .# p < 0, and from
o0 to —oo for Jp > 0), and eventually yields (for all p) to order X~#

2\t 1 2 1 [ pdpexp[pi— (497 R,] (35)

WA?“CW(‘)““% om 2 2/02 12}

moyXtaso2mlty o (P2yg) (P70

The integrand in (3-5) has branch point singularities at p = -+4¢yc and simple poles at
p = +i(yg)t = +iyey2.

Ficure 5. The Sommerfeld integration contour.

When the contour L is folded over the two branch lines from p = +éyc to p = +-iyc—o0
for ¢ —R,Jc > 0, the contributions from the poles can be evaluated exactly by the calculus
of residues:
% ®
Ny =—ert (—2—) (yX)-¥ ¥ H(t—%) cos I:yc (tJQ——%) ——Z
n=0

m,

-+contributions from the branch lines. (3:6)

These arrivals begin with an impulsive start, the value of the cosine at the start being

cos (7R, (/2—1) — i},
Thus, for large X/k or yX of order unity, a new mathematical form appears for the acoustic
response, which includes both compression and gravity effects. For example, the period of
a cosine is 27,/(2)¢/g (which is of the order of 1000sec for the ocean).

The contributions from the branch points in (3:5) can be shown to be O(1/y2X?), as
against O(1/(yX)%) for (3-6), and to begin like (/—R, Jc)}, on considering their behaviour
for large p, by Friedlander’s (1958) argument. Hence, for yX > 1, (3:6) is a fair
representation of 7.

The result is interesting because it cannot appear for an incompressible layer for which
y = 0, but apparently ‘blows up’ as y — 0. The reason is not far to seek. In the expression
on the left-hand side of (3-2), the quotient sinh (44)/u is bounded near x = 0, and as y — 0
the term involving this quotient becomes negligible. But the wave expansion splits sinh (u4)
into §(e#*—e¢~#") and then separates the two exponentials. Hence near 4 = 0 this term in the
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denominator assumes overriding importance in the power series expansion, which leads
to (3:6) as shown.

We remark that if we expand in powers of y (times a length scale), as in §2, before taking
the wave expansion, thus starting from equation (2-2), we eventually obtain equation (2-18)
anew for the behaviour of 7, near the arrival times, with slight differences due to the fact
that the asymptotic expansion implies X/4 > 1.

4. THE ACOUSTIG ARRIVALS OVER THE BLOCK

We now turn to the contribution 7, from the small arc about { = H,/c in figure 2 (§2).
Substituting from (2:10) to (2:14) in (2-7) and taking the residue at { = H, /¢, multiplied by
(—1im), and then the imaginary part as indicated for the { integration, we find

=t [ L3 (—pfi-(nrn e (s (1-52)). (+1)
This follows also from (2:7) at 6 = 0 directly, since the transformation (2:10) is regular
there.

Following Jeffreys (1931), or Jeffreys & Sells (1963), we may effect a (possibly more
realistic) combination of the pure acoustic terms with the variation due to gravity. For
n not too large, we put

1—(2n+1) ———-exp[ (2n+1)g :I

-92)
ope (4-2)

n (4-1); then (Jeffreys & Jeffreys 1956, §21.011)

— evh —ynJ, {[2 2n+1)g(t———>/:| ; (t~—-) (4-3)

The initial behaviour of each arrival

Ny = e””go(——)”{l—(2n+l)é‘%(t——%)}H(t—gcﬂ) (4-4)
can be determined directly from the equation (4-1).

Now, the result (4-3), and indeed the result (4-1) from which it was derived, is indepen-
dent of X. That this would happen, we could foresee since X appears only through e~#%
and when the residues at £ = 0 (§ = 0) are taken, X disappears from the calculations. Hence
when x > a, the operation described under (1:21) means that we are to subtract two equal
terms, so that  receives no contribution from 7, for points not over the block ; when however
|x| < a, we add two equal terms and obtain a contribution to # which is twice the value of
(4:3).

The reason for this behaviour of 7 is as follows. For |x| > a4, the observer is not directly
over the block, and the nearest point of the block to the observer is the near edge; the farthest
point is, of course, the far edge. We thus find travel times from each edge, as described in
§2 with figure 3. This corresponds to the record ,. But when the observer is directly over
the block, the nearest point of the block is the foot of the perpendicular to it from the
observer (figure 6), and since this perpendicular has length % the first arrival, for which
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n = 0, comes in at time ¢ = i/c. The wave is then reflected at the surface and returns to the
bottom, at the point from which it started. The amplitude of the disturbance has been
assumed small compared with the typical length scale of the system, so the return travel
path is also of length %; the wave suffers a further reflexion at the bottom and again travels
up to the free surface, reaching it at time 3%/c, and the process is repeated.

This record 75 is superposed on the two records from the edge discussed in the preceding
section, for the case || < a.

By (4-3) or (4-4), each arrival begins with an impulsive start, and since 7 = 27, terms
(7,4), the jump is twice the size of the initial disturbance. This would explain the violent
shock felt by an ocean vessel which happened to pass over a submarine volcano at the
moment of explosion, as reported by Unoki & Nakano (1953). The subsequent shocks would
not be so severe, because the reflexions at the sea bottom are subject to attenuation (in the
same way as the reflexions 7,), and also because a volcano, being more triangular than
block in shape, would reflect the rays returning from the surface in a different direction.

\
A
/R |
/ \
/ \
/ \
/ a
I |
R ey
2a

Ficure 6. Direct arrival paths at point over the block.

The factor 2 arises because 7, is made up from both the incident wave and the reflected
wave. The alternations in sign are due to the change 7 of phase in the waves on reflexion
attherigid bottom. The pure acoustic effect associated with 7, resembles that of a pipe, open
at one end and with a piston at the other end, when the piston is suddenly displaced a
short distance along the tube.

As in the working for the disturbance 7,, we may substitute 1" = ct/A, from (2-20), and
write the whole contribution to » from (4-3) as

2

2[H(x+a)—H(x—a)] e > (—)"J, {[2(2724— 1) ‘%—l (T—2n— l)]%} H(T—2n—1)

= 2[H(x+a)—H(x—a)] ev*y,. (4'5)

The Heaviside operators in x give the block locality, and the factors 2e?” are left out of the
definition of 7, for convenience.

For the comparatively large value gh/c* =45, and 0 < T < 25, the behaviour of 7,
is depicted in figure 7. The first six arrivals or so are nearly straight line portions following
the arrival times, in agreement with (4-4), the later terms show concavity upwards until
the twelfth (23 < 7" < 25) which begins to curve downwards; simultaneously, the rise of the
initial value of the odd swings (first, third, ...) is halted. Later, the oscillatory nature of the
Bessel functions will cause the arrivals to fluctuate after the impulse; this begins earlier
or later according as the value of gh/c? is larger or smaller.
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We observe that 5, = 0 when 7" = 4m, where m is an integer; for (4-5) gives
2m—1 }l ¥
m) = 5 (=) [2(@n+1) (gm—2n— n&t ], (4-6)

m—1 m
and the terms > and > cancel in pairs.
n=0 2m—1

A
NN N \
08
0.4_._
A /| /l /l /l‘

05 5TV Vi /17 /21 /25'1'
Ficure 7. Jump arrivals 9, over the block.

By treating (1-21) in a different way, we can obtain some information about the cumu-
lative behaviour of the terms in 7, for large times. Removing the factors

2e" [H(x+a)—H(x—a)],

and neglecting 2, but not performing the wave expansion, we find that the residue at
k=0 (6 = 0) gives from (1-21)

1 Settdp
T = omi f . pcosh (phlc) +yesinh (phjc)’
g has been replaced by 2yc?.

If we expand in powers of e~2£#/c, we will obtain (4-4) anew. But instead of this we may
evaluate (4-7) approximately by residue calculus. The integrand has an infinity of simple
poles on the imaginary p axis, and also at p = 0; each of these will contribute a residue when
the contour L is closed by a large semicircle on the left for ¢ > A/c.

When p = 0, replace p by iw where o is real; then the poles occur where

cot ((—Ucé) = — (yh) ({fﬁ) , (4-8)

(47)
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of which an approximate solution is

wh _ PO L .
__(N+2)7r+(N+%)ﬂ (4+9)
for integer values of N. If y& < 1, thisis a good approximation even for N = 0; it is certainly
good for sufficiently large N.

We note that if we had taken higher powers of y, they would have yielded higher
powers of (yh) on the right-hand side of (4-9).

At the poles p = 10, with w given by (4-9),

/’h> : (p_iz)} = )N+l 1 2k } .
p{pcosh(c +ycsinh ; =(—) {(N+2)ﬂ+(N~[—l)7r‘ (4-10)
So, pairing N =0, 1,2, ... with N =—1, —2, —3, ..., we find for 7, in (4-7) the value
e (=2 [ 3 (el yh/<N+§ ]
b (N+3) m+2yh/(N+3) +yh
The last term is the residue at p = 0. We have written 7" = ct/h as before.

We look next for an approximate form of (4-11) for large 7". Although, as it happens,
the sum can be found exactly for 0 < 7" < 1, by writing z for (N+}) 7, inserting a factor
(secz) and integrating round a contour which first encloses the positive integers and is
afterwards suitably distorted to give the residue at the other pole, the method breaks down
for 7"> 1 because the distortion cannot be performed. For the same reason, the steepest
descent technique fails with the new integral.

A different way out is therefore sought for large 7. We apply the Euler-Maclaurin
approximation to (4-11), replacing the sum by an integral over the range —oo0 to c0; we
may also change the variable to z, where

— (N+1) . (4-12)

(4-11)

1
Then np = ~ei"'f exp[iT(z+yh) ln(z~[—2yh)—l—1z dz+ 2 (4-13)

o 149k
For values of yhand T'with yh < 1, (yk)* T'> 1, the integral can be evaluated by the method
of steepest descent. There are two saddle points, at

z= (Yh)*{fc + (4-14)

(7’1)* T}
and they give (substituting for T')

1 (2h . 2g) 371} %
3 25) 420 2 .
= 371*(g)t Sm{(h ¢ +1+yh (4-15)

Thus as time goes on, this component oscillates about the mean height 1 of the pure acoustic
impulses, since 7, = 2"y, in || < a. The period of the motion is 7(2%/g)* and the amplitude
decays as ¢°%.

We note that the effect of compressibility, manifest through the sound velocity ¢, no longer
appears for this part of the disturbance (this being not the whole but only a component
that is expected in || < a together with 7,) ; the gravity wave dominates and we are in the
last stage of the transition zone between the two governing phenomena.

64 Vor. 258. A.


http://rsta.royalsocietypublishing.org/

0
'am \

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

/|

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

512 C. C. L. SELLS

5. THE INITIAL SURFACE DISPLACEMENT IN THE INCOMPRESSIBLE LIMIT

Before we turn to the regions in space and time where the controlling mechanism is that
due to gravity, with compressibility playing only the part of a perturbation of the motion,
there is one aspect of the purely acoustic disturbance, which deserves a glance. Let us
consider what happens to the sum total of this disturbance when ¢ — o0 and ¢ — 0 in such a
way that ¢t — 00, so that all the arrivals which make up 7, and 7, come in together in an
infinitesimally short time after the initial block disturbance. The sum total in this limit
must be the same as that obtained by taking an incompressible fluid in (1-21) and calculating
the initial elevation of the surface over the block; that is, this initial elevation can indeed
be regarded as a pure acoustic effect.

First, let us consider 7, as given by (2:17).

In the limit we are considering, the gravity terms contribute nothing; for the first two
have #(—0) as a factor, and the last one has 1/c (—0). So only the acoustic part of 7, will
give any contribution. We have

. 2H Xct(c2?— R2)} H HX (X 4}
1 n n . —144n_ 2n “ .
A e mE) TR 2P X T () +0{(ct) ' (51)
Hence, as ¢t —> 00, (2:17) gives (compare (2:19))
2 & mene—1 (2n+1)R )
”A%_;ngo(_) tan™ —u—, (5-2)
since e”* — 1; we replace H, by (2n+1) A.
Now, if o
S=8w) =3 (—)"tan! (2n+1) w, (5-3)
n=0
ds & . 2n+1 . T )
then dw ,,go (=) 1+ (2n+1)2w?  4w?cosh (m/2w) (54)

(by contour integration) is uniformly valid in any region not including w = 0. To recover
S, we now require its value for some w. Taking w = 00, all the termsin (5-3) are numerically
equal to {7, the sum oscillates between the limits 0 and 7 with equal weights, and may be
taken to have its mean value 17 (Cesard convention). Taking w > 0, and making a change
of variable, we have

© ' ml2w "
S=im—in fw w'? cosclllw(ﬂ/2w’) h %ﬂ_%fo co(i}ul)w" = tan™! {CXP (—5711;)} (5:5)
We observe that as w —> 0 through positive values, S given by either (5:3) or (5-5) tends to 0
also. When w < 0, we find similarly
S = —tan~1{exp (7/2w)}. (5-6)
So §'is indeed an odd function of w, as one expects.

Now, let us put w = /X and see what 5, contributes to # when two values of 5, are com-
pounded as described under (1-21). First, let us take x > ¢. Then (x—a) and (x+a) are
both positive, and subtracting the value for X = x—a from that for X = x-}-a, we obtain
(continuing to write 5, for this part of the disturbance)

_2 -1 _zr_(f_—_a) P {_ﬂ(x+a)} _ 2 ___,sinh (7a/2k)
N4 7Tl:tan exp{ o7, } tan™"exp o :'—;tan cosh (;:7/5/?)

(|x] > a).
(57)
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For |%| < a, the results for X = a—x and X = a+-x are added, and we find here

2 _ cosh(mx/2h)

4=~ Sk (na/28)

We now turn to the contributions #, which give the arrivals over the block as in §4. For
|*| > a, we are not directly over the block, and the contribution is

=0 (|x| >a). (5-9)

(|#| < a). (5-8)

0

(1)

0. 2 4 6 £

Ficure 8. The initial elevation (incompressible fluid).

For |x| < a, we will obtain values for 7, twice those given by (4-3) or (4:4). Proceeding to
the limits ¢ - o0, £ - 0, with ¢t — 00, we again find that the gravity correction disappears
so that the initial disturbance is still pure acoustic, and the oscillatory sum results:

p=2>(—)"=2—24+2—-2+....
n=0

We use the same convention as before and take the value of the sum as 1, the mean of the
fluctuations. This is physically sound, for we can use the pipe analogy discussed in §4,
and argue that the unit movement of the piston at one end induces unit movement at the
other end, if the pipe is filled with an incompressible block of fluid or matter. So

=1 (x| <a). (5-10)
Then =14t 1p
_ 2 _cosh(mx/2h) 2 _ sinh (7a/2h) )
=7 o (mazh) T T 7 ok (mjeny (¥ <9 (5:11)

by (5-8) and (5:10); and the same result follows from (5-7) and (5-9) for |x| > a. So, for
all x, the initial elevation in incompressible fluid is
_ 2 _,sinh (ma/2h)
To = AN oSk (mx/2R) "
The graph of 7, as a function of x/k = £ is shown in figure 8 for the value a/h = a = }.
64-2

(5-12)
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The function 7, has the expected properties of being symmetric about the axis x = 0,
with a maximum at that point, of diminishing to zero as ¥ —o0 and as ¢/k — 0 and approach-
ing the value 1 as ¢ - oo for |x| < a. Itis, of course, also a smooth curve. This property is a
little difficult to foresee from the start, as the pipe effect might be hastily assumed to be the
only contribution (Webb 1962).

6. THE DEVELOPMENT OF THE GRAVITY WAVE

We proceed now to examine the form of the disturbance # when gravity is the dominant
mechanism, as in the classical theory of waves in incompressible media. To begin this
investigation, and also to include to first-order the effects of compressibility on the motion,
we expand the integrand of (1-21) in powers of each of the two quantities (p/kc)?, g/kc?,
and neglect squares and products thereof. It is convenient to write p = v, so that

w2 w2

o= s (61)

and to the first-order

1 fey"——l—.f a)dwei‘”‘fwik : sin (£X) :
X 2m%1 ) o o k w?cosh (uh)—ugsinh (uh) +y(yg—w?) sinh (uh) [u

1 wdwel®
2mi f o W2 cosh (kh) — gk sinh (kh)
1 w? w?sinh (kh) — gk cosh (kh)

X {1 +'2‘ k26‘2( )wchSh (kﬁ) ~—gksinh (kﬁ)} (6-2)

—en! [ U sin (k)
0

Here Qis a contour in the w plane which runs from —oo to co below all singularities of the
integrand. In (6-2) these singularities are poles, and the integration with regard to w can
be performed by the calculus of residues. For ¢ < 0, we complete the contour {2 with a large
semicircle in the lower half-plane, and since €2 has no singularities below it the integral is
zero. For ¢t > 0, Q is closed by a semicircle in the upper half-plane; the first term in the
integrand of (6-2) has simple poles at @ = -+ {gk tanh (%)}, and these contribute together

1 (= dk sin (kX)

h o) =R A2\ 3 .
ev H(t)ﬂ , F cosh (Fh) cos {gk tanh (kh)}= ¢. (6-3)

The poles are the values of the frequency of simple harmonic gravity waves in water of
depth 4.

The second term (first-order approximation) has double poles, and after some algebra
the residues are found to give for this term

1 gh (°dk sin (kX '
e H (¢) o ‘% 3 E(;le—Ufiz)) [{2tanh? (k&) — 1} cos {gk tanh (kh)}= ¢
-+ ${gk tanh (kk) }% tsech? (kh) sin {gk tanh (k/z)%} t]. (6-4)

We substitute in terms of dimensionless parameters and variable:

kh=2, xlh=§& alh=a, Xlh=p (g/h)it=r. (6:5)
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Then, combining (6+3) and (6-4)

® dd sin (A)
o A coshA

Ny = %evh H(7) {cos (AtanhA)® 7

L & [(2tanh?A—1) cos (A tanh A)? 7+ }(1 tanh 1)} 7sech?Asin (A tanh A)} A (66)

We now see that the velocity scale implicitly assumed small compared with ¢ in the expansion
leading to (6-2) is (gk)#, the velocity of waves long compared with the depth. This is exactly
the same as the assumption y4 < 1 in the discussion of the acoustic waves, and holds equally
good for terrestrial oceans.

Let us write an expansion

1= H) 30,047 (%)~ HO) (7.5 + ) (67

62
and we approximate here also to
ho gh) _
cY exp ( 00 1+
Combining (6-6) and (6-8), we find

gh i
o T (6-8)

_ 1 = dAsin (S
To =70 (h,7) = ;fo < Cos(}/f/l) cos (AtanhA)? 7, (69)
=7 (f7) " dA Szns(ﬁ) {tanh? A cos (Atanh A)} 7

+4sech?A (Atanh )} 7sin (Atanh 1)} 7). (6:10)

In this section, we concern ourselves only with the initial behaviour of the gravity wave,
that is, the initial surface elevation and its spreading out to either side. We may expand the
integrands in powers of 72 and integrate the first few terms exactly, while it will appear that,
in principle, the whole series could be integrated. Three terms will suffice to display the
generation of the first wave from over the block.

The principal contribution to the integral, under expansion, comes from the neighbour-
hood of the origin, fA = O(1), so that the expansion will be valid for 72/ < 1 or gt?/X < 1;
in order for a few terms in the series to give a good approximation we therefore require
that g¢?/a or gt?/x shall be small compared with 1, according to whether we are directly over
the block or not. At X = 0 the method possibly breaks down; but we assume physical con-
tinuity of the surface over the edges of the block, since 7y = 0 when X = 0. Then (6-9)

becomes 1 °°d/1sin(,6’/1) (=)

2 S < ( ) 2s | .
T=%), T coshi . (2 i (r2Atanh )’ = go (25)1 i S (6-11)
sin (BA) . » '
where Im,"-_jo L2 tanhoAda. (6:12)
For s = 0, we have m = —1, n = 0, and
_((Psin(fA)dd (e elFr dd _
L1 fo cosh A T_Ejfw, coshl 1~ (6-13)

For > 0 the contour in the complex A plane can be completed by a large semicircle
in the upper half-plane passing between two of the points A = (N-+1) 7, where N is a
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non-negative integer, which are zeros of cosh A, and also a small semicircle over the origin.
The residues at the poles give on summation
I, =3%m—2tan"texp (—3mf) (f>0). (6-14)
Similarly I, o=—{m—2tan"texp (§7f)} (f<0). (6-15)
To find 7 from 75 we have to subtract the result for X = x—a from that for X = x+a,
or (which in this case is the same thing) add the result for X = ¢—x to that for X = a+x.
The results hold for both |x| Za, since I_, , (and in general, 7,, ,) is an odd function of
£ = XJh. So, when 7, has been found, we add its values for § =a—¢ and f = ¢ +§, e and §
being defined by (6-5), and this gives 7,, the correct surface elevation over the block at time
t. Likewise for 7,,7,, .... The analogue of (6-7) is

=00 5 (%) 3 k0 - HO 306 (%), (6-16)
From (6-11), (6-14) and the above, the value of 74(a, &, 0) is
1 —?; [tan~exp{—3in(a-+-&)}+tan~lexp{—In(a—§)}] = %tan‘1 f;lons}li é% ; (6°17)

the same result is obtained if £ > « and the other results are used, as a check.

This value of 7y(a,&,0), the initial elevation of incompressible fluid, is in complete
agreement with the expression (5-12) found by adding all the pure acoustic arrivals in the
limit ¢ —oo. Thus 7,(«, £, 0) can be looked upon either as this acoustic limit or as the effect
of the block displacing a volume of fluid upwards and to one side.

As remarked in § 5, and shown by figure 8, the function 5,(«, £, 0) exhibits the properties
of taking a maximum value at £ = 0, about which it is symmetric, and of decaying to zero
at large £.

The further terms in 7,(and hence 7,), which represent the spreading out of the initial
elevation into waves, are given by (6-11) in the form of more complicated integrals. For
s > 0, the pole at the origin disappears but multiple poles appear at the zeros of coshA and
the residues become awkward to determine and to sum. We therefore apply other methods.
First, we need I, ;. Introduce a new parameter K into I_; ,, and we obtain from (6:14),

(6-15) ® sin 7
. %&E&}T((/%)c‘) = (sgnf) {%ﬂ—Qtan-lexp (~§l—f2—‘)} (K > 0). (6-18)

Differentiate both sides of (6-18) with respect to K and then put K = 1. Then
1
_ ﬁ'ﬂﬂ o 1

b= cosh (474)" (6:19)
This gives the next term in (6:11) for 7,, and hence 7,. The new term in 5, is found to be
positive for £ rather larger than «, and negative when £ is in the neighbourhood of zero,
so that at first the profile falls in the centre and rises farther out from the block; this is the
first stage in the development of the wave motion.

To find more terms in principle, we return to the general expression (6-12) for I, ,.
Integrating by parts twice and rearranging, we have for m,n > 0

(72+ 1) (n+2) Im,n+2 = 2m<n+ 1) Im—-l,n+1 +{n2+ (n+ 1)2“ﬂ2}lm,n
'—m(m— 1) Im—Z,n'—2mnIm—l,n~l—n<n— 1) [m,n—Z' (6.20)
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The recurrence relation (6-20) serves to reduce the suffix z to 0 or to 1, and we can obtain
the further terms in (6-11) successively. Itis convenient to keep 7, in the form of a sum over
two values of #; to order 7%, we find

2 sinh ($an) p
— Ztan-1 20M) 1.2
To =50 " cosh (§8m)  +7 52, cosh (1nf)
tanh ({7f)
74 Y R T ¥ g2y AT
412’ ﬁgig {cosh ) (1= cosh (37/)
1 B tanh (§78)  Fsn*B(5—p?) {Cosh 3}]
76 _ 1 5 2 48 21
[cosh (% G —F) 6-21)

- 6!2 ﬂ_gig ) 2 cosh (47f) cosh® (47,
770 J
0-4 \
: ol
03 =
\
02 NN
N~
R

| | | | | 108
0 2 4 6 £/

Ficure 9. Development of first wave (incompressible fluid).

For a =}, that is 2¢ = h or the block width equal to the liquid layer depth, the develop-
ment of the first wave in incompressible fluid is shown in figure 9. Three terms of the
series (6-21) were taken, and the wave is seen to be fully developed when 7 = (g/h)¥¢ = 2-2;
after this time, the fourth term (which is negative near £ = 0) becomes important and
forces the water surface down again near the origin, to start the next wave. In detail, the
hump which is formed originally at the origin falls at first and begins to separate into two
wave crests a little before 7 = 1:2, one in x > 0 and the other in x < 0; these both travel
outwards (only x > 0 is shown in the figures), and the trough in each develops at about
7 = 1-8 and follows the crest outwards. When the development of the first wave is complete,
at 7 = 2-2, the amplitude of the wave is 0-07 times the bottom initial disturbance, and the
wavelength is about twice the layer depth 4.
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We now turn to the modification of 7, by compressibility, as exemplified by (6-7) and
particularly the first term 7, given by (6-10). The expansion in powers of 7 gives

B N G
ne 2 5=0 (25) ! r {(2%_3) Ix—1,s+2“’515—1,5

3. (6-22)

The integral I_; , (corresponding to s = 0) cannot be expressed in terms of elementary
functions, but it can be manipulated into a series akin to that for Euler’s dilogarithmic
function, or expressed as a finite integral. The other integrals are all calculable in principle,
and after much algebra we find to order 76

n= 3 [—1 tan exp (~dalf]) — [

p=axt T

7 pE=p) 1 8F(4—f)+m(3—8f+ 47 tanh (47F)

exp (—57| 1)

0 (tan~1 ) (1np) ¥} sgn

21,5, 8cosh (3mp) ' 4148 ;5. cosh (47p)
76 1 f(27—542%)  w (54*— 542+ 29) tanh (37/)
6! 55, {QZ cosh (378) ' 96 cosh (3nf)
2 (p*—18p2+29) {cosh (nf) —3}| .
_717678 cosh? (%ST/?) } 6:23)

No convenient law seems to follow for the successive terms in either 7, or 7, and for
further terms, although they can be computed in principle, the labour of computation
increases.

A

0-15

010

005

-0-05

l.
1
1
0
0.

=010 |—

Ficure 10. The ‘compressibility wave’ to first order.

For the same value of a as before, « = 3, the curves for 7, are shown in figure 10. As the
time taken for the first acoustic pulse in compressible fluid to reach the surface is at least
kjc, and (following the argument of §5) many such pulses will have to arrive before the
surface is effectively smoothed out, we require values of (g/k)* considerably larger than
(gh/c®)t. For an ocean 2-5km deep, with ¢ = 15:2x 10*cm/s gh/c? is about 0-01, so the first
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time shown, 7 = 0-6, is fairly plausible, and the development of #, is continued from this
time. There is a depression on each side of £ = 0, which travels outwards and releases a
crest and trough in a manner similar to 7,.

Since the scales of the two figures 9 and 10 are in the ratio gh/c? = 0-01, we see that the
average difference between 7, and 7 = 5,7, gk/c? is about 1/200 7, so that in the develop-
ment of the first gravity wave over the block, the effect of compressibility is hardly noticeable.
It can be easily visualized, for two corresponding curves 7,7, at given 7, £ and «, as a very
slight perturbation or bulge, on one side or the other according to the sign of 7;, of the 7,
curve.

7. THE ASYMPTOTIC BEHAVIOUR OF THE LEADING GRAVITY WAVE
AT LARGE TIMES

We again consider the equation (6-6) which gives 7, as a gravity wave with a compression
perturbation term. We obtain 7 from 7, by putting f§ = a+§,a—§, and adding. Let us
perform this operation and then make a change also in the definitions of 7, 7,, of equation
(6-16) fI.; keep e” as a constant multiplying factor representing the effect of decreasing
density as we rise from the layer bed, and write instead of (6-16)

h
n=evt (;70+‘%771+...). (7-1)
Then, by (6-6)
717 f dA 2sin ( (f‘(fshcfs ) cos (A tanh 1)t 1, (7-2)
;lrf %&QSIH :(;lShc/({s (&) {(tanh 2A1—3) cos (Atanh A)* 7

+17 (AtanhA)¥sech?Asin (AtanhA)¥7}.  (7:3)

When £ and 7 are comparable and both large compared with unity, while « < 1, the
integral (7-2) becomes one which has been approximately evaluated by Hendrickson (1962).
Takahasi (1947) has also treated a form of (7:2) approximately for « > 1, that is, when the
block width is very large compared with the liquid depth; however, the Hendrickson
method would apply equally well to this case, if we were to start from (6-6) instead and
work with 7and f. We here describe Hendrickson’s method, applied to (7-2), and then apply
itto (7-3) also. For simplicity of description of the method, we assume « < 1;later, analogous
results will be derived for rather larger values of .

By a Dirichlet theorem, if we prescribe a suitable lower limit, say 1, instead of 0 for the
integral (7-2), then as the parameters £ and 7 increase without limit, separately or together,
the integral tends to zero like 1/£ or 1/7. Physically, this is because interference between
neighbouring crests and troughs of the integrand becomes very marked as £ (or 7) increases.
So we may consider the integral from 0 to 1 for the moment. In 0 <A < 1, we can expand
the integrand into a power series in a special way; the two cosine terms, which contain the
two large and important parameters, are left as cosines but their argument is put into power
series to two terms; the rest of the integrand is cast directly in this form, because the signifi-
cant contributions to the integral come from a neighbourhood A = O(1/§, 1/7) of the origin
and &, 7 are both large compared with unity, so that A is small. Since £, 7 are also large com-
pared with «, and « < 1, the factor sin(ad), which is O(«/§, «/7) in this neighbourhood of

65 Vor. 258. A.
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A, can be treated as a second-order small quantity approximately equal to (ad), so that
we have first

da
cosh A’

Since the argument of the second cosine in (7-4) has no turning point on the positive axis,
for £, 7 > 0, we can either apply Riemann’s lemma or integrate by parts to show that this
second term is O(1/§). (Hendrickson expands in power series and retains only the first
term; this is satisfactory for 0 < A < 1 if 7 = £, but the above seems more general.)

In (7-4) we put o= 1)t = (gh)t/x. (7-5)

Since £ and 7 are comparably large, as mentioned earlier, o will take values in a neighbour-
hood of 1. We shall soon see that ¢ must be restricted to be less than about 2 for this method
to be valid.

In order to take account of the initial variation of (coshA)~!, we expand this function,
as well as the cosine argument, in a power-series, retaining the first two terms only, and
then rearrange the integral in the form of an Airy function:

n+2 ; [cos {EA— (A tanh A)¥ 7} + cos {EA+- (A tanh A) 73] (7-4)

1
7o —_—%f (1—32%+4..) cosEfA(1—0) +LoA3+ ... 3dA
0

_ %ﬂcosg{,l(l_a)+%m12}d/1—%f:(1—0+%m12) cosE{A(1—0) +3oA%
- ;r% (E%)%f: cos {%u:q_ (%?)% (1—0) u} du+0 (%) -77ff—‘zsin§ (I1—o+3%0)
G 0o (). 2

since (Jeffreys & Jeffreys 1956, §17.07)

Ai(z) = f " cos (2 +uz) du. (7-7)
0

Hendrickson (1962) has plotted the function (7-6) graphically, using the separate re-
presentations for positive and negative argument of the Airy function in terms of Bessel
functions of order +% (Watson 1922, §6-4). The Airy function Ai (z) is also tabulated for
all real values of z by Miller (1946). In order to see physically what happens aso = 7/¢
varies from small to fairly large values (compared with 1), we content ourselves here with
noting the asymptotic expansions for large positive or large negative values of the argument
(Watson 1922, §7.23) - 1 s
Ai(z) N@CXP(“EZ )> (7-8)

Ai(—2) N;%lgsin @ +dn) (2> 1). (7-9)

Now, for ¢ < 1, that is, from (7-5) x> (gh)e (710)
the argument (2¢%/7)* (1—¢) is positive and tends to infinity as ¢ — 0. Hence, by (7-8),
the disturbance is exponentially small. In fact Ai (z) is monotonic decreasing for z > 0, so
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that the disturbance begins effectively at x = (gh)? ¢, that is, the head of the wave propagates
with the velocity (gh)? of waves long compared with the depth.

After the first swing, the Airy function decays in amplitude and behaves like (7-9) for
zless than about —2. When ¢ > 1, the argument is negative and tends to —o0 as ¢ increases;
then (7-6) and (7-10) give

otg . (2,2t}
~ (= —1)Er1 .
7o W%Jgg%sm{?)( 0) (0—1) +47r}. (7-11)
However, the growth of ¢ is restricted by the necessity for the point of stationary phase of
(7-6) to be given by a value of A within the approximate range of integration, 0 <1 < 1,
in order that the power-series approximation shall hold good; the stationary point is

A={2(c—1)/o}?

and hence ¢ should be roughly between 1 and 2. For ¢ < 1, the stationary point recedes to
the negative A axis, there is no dominant term and (7-8) is appropriate, as remarked above;
but for ¢ > 2 the stationary point lies in A > 1 and the extension of the range to 0 <A < oo
in (7-6) will include it and introduce spurious effects. This restriction was not noted
by Hendrickson.

We shall expect the method to break down when ¢ > 1 since then the behaviour of the
cosine argument in (7-4) is not well represented by the power-series development to two
terms. This inequality means that a time long compared with the travel time of the leading
wave has elapsed, and we are well into the tail or ‘coda’ of the disturbance. But when
7 > §, the integrals (7-2) and (7-3) can be attacked by a more powerful method (this is
done in the next section), and we find that the numerical values of the constants are rather
different, while the amplitude decays like 7~ exp (—y, 7), where y, is a positive constant,
which feature is not exhibited by (7-11). We therefore conclude that the results of this
Section are valid only when ¢ is not too large.

We observe that near the leading wave ¢ = 1, 7, is O(£%), and when ¢ is a little larger,
say, for the next nine or ten waves, by (7-11) 7, is O(£~%). Thus the term retained in (7-4)
and (7-6) is indeed larger than any of the terms neglected, which are O(£-1).

One of the restrictions placed by Hendrickson on the data can be removed, namely the
condition that ais to be small compared with unity. If we demand only that ¢ be small com-
pared with £ and 7, so that within the significant neighbourhood A = O(1/¢, 1/7) of the
origin the factor sin (aA) is still O(«/§, «/7) but not necessarily of the second-order of small
quantities, we can take account of sin (ad) as well as cosh A, and we find

7o =§{1+(1—-a) 102} (g—%)%Ai{(gg)%(l—o)}. (7-12)

o

Thus, considering the effect of the block to this order for @ = O(1) makes little difference
near the leading wave ¢ = 1, but will cause the amplitude to fall off as ¢ increases beyond
the value 1. This may be taken as the effect of destructive interference between the two wave
trains which are generated from the front and back edge of the block; if we start from (6-9),
giving 7,, we obtain an analogue of (7-6) involving the integral of the Airy function, and the
two such. expressions arising from f = a4 represent two superposed wave systems which
interfere.

65-2
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The formula (7-6) is in fact a good approximation for « < } as stated by Hendrickson,
since then in (7-12), a2 < 5.

We now proceed to examine the effect of compressibility, exemplified by (7-3), near the
leading gravity wave. For a < 1, the same kind of rearrangement as in the working of (7-6)
leads to

5 () () 0 o () 0 oo

on use of the formal result

AV () =—1 f :usin (2 +-uz) du. (714)

Now, comparison with 7, as in (7-6) leads to an anomaly at ¢ = 1. For any fixed o, the first
term in 7, bears the ratio (g//c?) to 5,; but when ¢ = 1 (taking this value to keep the Airy
function arguments fixed at zero), as § increases the second term increases relatively to 7,;
putting 7 = &, the ratio of (5, gh/c?) to 7, is

2k Ai’ (0)

A (0) %Z £t = (0-230) éié—‘ gt (7-15)

(A

Consequently, as £ increases, this ratio increases as £¥ and will eventually exceed unity.
But we know that gravity, and not compressibility, is the dominating influence at the head
of this disturbance. Thus we are forced to conclude that ¢ = 1 no longer represents the head
of the disturbance exactly, that is, the velocity of the leading wave (and the associated value
of ¢) is slightly affected by compressibility so that, when £ is sufficiently large, the scale of
the wave is such that the point ¢ = 1 is at a significant distance from the leading wave.

To determine what the effect on the velocity is, to the first order in (gh/c?), we try to
combine (7-6) and (7-13) into a single formula which gives these expressions for », and
7, as coefficients when it is expanded in powers of (gh/c?), being thus a kind of generating
function for 7,, 7,, and which more clearly depicts the effect of this parameter on the motion.
The form of the second term in (7-13), with Ai’, suggests a representation as the first two
terms of a Taylor series (we might call it Taylor synthesis). Thus inserting (7-6) and(7-13),
(7-1) becomes to order (gk/c?)

ne v = 7704% M
)05 (5 0o

A o]

o (2\Y1( ghb5—d0\ . [(28%\} gha(10—10)
~alg) H-E57) A [ () oot &) (7:16)
Equation (7-16) is now the required single formula. The head of the disturbance still
corresponds to the value of ¢ which causes the argument of the Airy function to vanish:

_ gy Sho(10—70)
1 7tz 12 o

0. (7-17)
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A first approximation is ¢ = 1. Substituting this into the small term, the approximation
to order (gh/c?) is
o= 1+1gh/c. (7-18)
So, from (7-5), the head of the disturbance is associated with a value of x/¢ (velocity) with

xft = (gh)} (1—Lgh/e?). (7-19)

Thus, the effect of compressibility on the head of the long gravity wave at large £ is to
decrease the leading wave velocity by a factor (1 —21gk/c?); by (7-16) the amplitude of the
leading wave is decreased by a factor (1 —4gh/c?), and if gh/c? is small this exactly counter-
acts the effect of the factor 7" so that amplitude variation at the head is at most of the second
order in gh/c%.

We see that in this formulation, the troublesome point ¢ = 1 gives the Airy function in

(7-16) the value AL{(26)} Jghfc3), (7:20)

so that, as £ increases, the disturbance is exponentially small by (7-8). This point ¢ =1
is not in the region of the gravity disturbance proper—from (7-18), this region is

o> 1-+4gh/c%

Stoneley (1963) has given a brief treatment of the compressibility approximation for
the problem of an initial surface elevation of block type, for example, a block dropped into
water with bottom face horizontal. He makes an approximate modification of the incom-
pressible-fluid solution given by Jeffreys & Jeffreys (1956, §17.09), and derives a corre-
sponding Airy function and hence a correction to the speed of the leading wave

xft = (gh)} (1—ghle®)} = (gh)* (1—Sgh/c?) (7-21)

in our notation. Thus in Stoneley’s problem the increment in wave slowness is twice the
increment in the present problem. This is introduced by the different forms of integrals
representing the solution; for example, the factor 1/coshA does not appear in Stoneley’s
integrand, and this leads in our problem to an extra factor 1/o to modify the wave attenua-
tion as ¢ increases. We obtain different results for surface disturbances and bed disturbances;
a not unexpected phenomenon.

The formula (7-16) is derived for « < 1; but by the same method as was used to obtain
(7-12), we can find the effect of the finite block width for rather larger values of a. The
working is the same, and we find that the analogous equation to (7-12) is

e I

(D) o} ALY, 1

If a2 is neglected we obtain (7-16), and if (gk/c?) is neglected (7-12) appears.
Since the terms in a2 also contain a factor (1 —o0), to this order in (gh/c?) the block width

has no effect on the velocity of the leading wave, which is still given by (7-19).
65-3
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8. THE CODA OF THE GRAVITY WAVE

In this section we analyse the residual gravity disturbance which prevails at times large
compared with the arrival time of the leading wave discussed in the last section. At such
times, ¢ > 1, 73> £, we expect that the true behaviour of the expression (AtanhA)? in
(7-2) and (7-4) will become important in the evaluation of the integrals; the error in re-
placing it by its power series and then cutting it off at the second term increases with o.

We can attack this problem for unrestricted values of £ as far as lower bounds are con-
cerned ; the only condition we now impose is that 7 shall be large compared with o, § and
unity. This ensures that the leading waves from both edges have already passed, and also
that the variation in cos (A tanh A)* 7 will outweigh the variation of terms like 1/A and cosh A,
as well as of sin (f1).

With these facts in mind, we may return to (6-6) which gives 7, as a function of f. We
begin with a consideration of (6-9):

~ 1 =ddsin (1)

Ng = 7 T —E_OS“HI COS (Atal’lh/l)z T

1 [~ dAsin(fA .
on _wTC_os(ﬁﬁi/I“)exp{l(Manh/l)%T}' (8:1)
We now apply the saddlepoint technique to (8:1). The saddle points for an integral with

exp{ f(A) 7} are the zeros of /(1) ; here

I

o« . Atlsinh2)
S ) =1 5 ohE ) (tanh )}

We remark that if we had included sin (fA) in the exponential in (8:1), we would have had
an extra term -+if/7 in the expression (8-2) for f"(1). For general values of §/7 this would
require extensive numerical computations to find the saddle points as functions of this
parameter; and as we have the powerful method of §7 to obtain asymptotic expansions for
f/7 around the value 1, this work would not tell us much. But then 7 > f, the Hendrickson
approximation for (AtanhA)* 7 will be in error by an amount significant compared with
(pA), as explained above, and the method becomes dubious; it is just in this instance that
we can neglect f/7 and conveniently simplify the problem by using equation (8:2) as it
stands. The saddle points in the complex A plane are now given by

(8-2)

90 +sinh 21 =0 (1 = 0). (83)

The equation (8:3) has no roots on the real or imaginary axis. By separating (83) into
real and imaginary parts, we find that the roots are symmetrically placed in sets of four with
regard to the axes, that when .# A > 0 the solutions liein regions (N+3) 7 < J A < (N4+3) 7
where N is a positive integer or zero, and that the first pair of saddle points (corresponding

to N = 0) are at Ay = +(1-1251) +1(2:1062). (8:4)

The computation of (8-4) was performed manually by a method of successive approxima-
tion, using a set of tables. The saddle points are taken in the upper half A plane since
(Atanh A)* has positive imaginary part in this half-plane. The lowest set of points (N = 0)
is taken to avoid crossing the isolated essential singularities at the zeros A = (N-+4) 7i
of cosh A. The Kelvin contour of stationary phase

# (AtanhA)? = # (A, tanh,)? — 0-6863 (8:5)
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is found to be suitable for the problem; it crosses the imaginary axis at i(0-744), which is
between the real axis and the first isolated essential singularity, A = }i7, so that no contribu-
tion arises therefrom, and by Jordan’s lemma and the choice of half plane there is no con-
tribution from the arcs at infinity connecting the contour to the real axis. The contour of
stationary phase is shown in figure 11.

A Ay
in
/\\ 2

Ficure 11. The contour of stationary phase in the A plane.

For positive § larger than about unity, the combined stationary phase contributions to

(8-1) are approximately
0-1455

T

To = 228 eurin B os (4, 7— yf—23), (8+6)

where x,, %,, y,, , are positive numbers associated with the saddle points:
%, = 21062, x,— 11251, A, = xz-l—ixl}

87

and z, = 0-694.
For incompressible fluid, the coda of the gravity wave is seen from (8-6) to be an exponen-
tially damped progressive wave with velocity

(y2/%2) (gh)* = (1-31) (gh)? (8-8)
and wavelength (2m[x,) b = (5°6) h (8-9)
or 5-6 times the depth.

There are two such waves, one corresponding to each edge of the block. For a point over
the block, we put f = a+§, a—§, and add; in the half 0 < £ < « the contribution from
f = a+& will be more important because of the exponential factor. For points not over the
block, £ > a, we subtract the result for ({—a) from that for (£+4a); if £ is not far removed
from «, the contribution from f = {+a is again dominant. But if ¢ < ¢, still with £ < 7,
we can write

€4 o8 (17—t E-0) 21} — € cos {7 —xE—0) 21
== Qa%{e’“g cos (y,1—x,8—2,)}
= 20(x2+x3) enésin (y,7 —x,§ —z, +tan1 x; [x,). (8:10)
Then o = (0-695) 3 e sin (y,7 — x, +0-386). (8:11)
T

This result could also have been obtained by putting sin (¢d) = oA in the integral for 7,
as in §7. The essential characteristics (wavelength and velocity) of the disturbance are
again given by (8-8) and (8-9).
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We finally turn to the effect of compressibility on the coda. This is again given by (6-10)
here; for 7> 1, the dominant term here is the second (containing the factor 7), and this
integral may be likewise evaluated at the saddle points A, to give

71 e dAsin(fl
n [ SR (eanh )Y exp (A tanh ) 7}

= (0-0275) 7% exp { —y,7+x, f} cos (Yo7 — x5 f+ 2,), (8-12)

with z, = 0-078. (8:13)
We now observe the same kind of anomalous behaviour of the ratio of 7, gh/c? to 7, as
we found between the corresponding terms in the preceding section, discussed under
(7-13); the ratio is here O(7gh/c?), and increases without limit as 7 —oc0. But we can over-

come this difficulty by use of the same technique; we combine 7, and 7, into a single formula
by regarding them as the leading terms in a Taylor expansion. We have, from (6:7)

h 0 1455 h
Nx = ’70‘|‘§2 == exp{— y17+x1ﬁ}{003 (71— 25 f— Z1)+ZT 2C05 (Yor — %, ﬂ“zﬁ“zs)}
(8'14)
with zq = 07721, Z = 0-1897. (815)

If this is the Taylor expansion of a first-order correction formula

‘145 h h
1 P95 (188 s (1 8h0) e

01455
= L exp {—yir-ta0 )| cos (g1 2 f21)

818,00 (g7 —y f—20) Hadysin (g7 — 2,0~ 2)} ], (8:16)

then equating cos/sin (y,7—#, f—z;) in (8:14) and (8-16),
8 = —Z cos z5/y, = —0-20,
0y = Zsin zgfy, = 0-09. }

We may substitute all the numerical values from (8-7), (8:15) and (8-17) in (8:16), and
then

(8:17)

—_ (ll:f;‘f’ exp [_ (0-6863) 1{1 —(0-20) %}Jr (2-0162) ﬁ’]

% cos [(1-476) 1{1 + (o-og)%’}m (1-1251) f— (0-694)]. (8-18)
The velocity of the progressive wave is now
h . h
22 (g} (1-+53) = (131) () 1+ (0-09) . (819)

The effect of compressibility on the coda is that the velocity is increased by about (0-12)
(gh)? (gh/c?) and that the decay coefficient in 7 is reduced by about (0-14) (gh/c?).
By the same process as that used for deriving (8-11), iffa < § < 7,

n = (0-695) — exp{ Yy T (1 +‘%l 31) —|—x1§} sin {yZT (1 +‘% 82) —x,6+ (0-386)} . (8-20)
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We see that the coda exhibits different properties from the tail of the Airy function
discussed in §7; the coda is a non-dispersive progressive wave and is exponentially damped
in time, whereas the asymptotic expansion of (7-6) for large o = 7/£ gave an inverse power
law only. There is thus a transition from a profile (7-16) to a profile (8:20) as ¢ increases
from 0 through 1 to infinity.

The increase in velocity of the coda due to compressibility is remarkable in comparison
with the decrease in velocity of the head wave.

CONCLUSION

The formal solution of the problem set up in this paper is the double integral (1-21),
but—as is quite usual in wave propagation problems—this is only the beginning of the road
towards physical interpretation of the solution. This task is lightened by the separation of
the disturbance into two parts, acoustic and gravity-controlled; in each type, the other
effect assumes the role of a small perturbation, and is discussed as such together with the
principal phenomenon. In both perturbation studies, the parameter (g#/c?) is of paramount
importance.

As mentioned in the Introduction and developed in §§ 2 to 4, the acoustic waves, travelling
with the sound velocity ¢, are of two kinds; one kind is derived from each of the two edges
of the block, and is continuous, suffering only steep rises and falls at the arrival times (these
are derived from geometrical ray theory) and exists everywhere, while the other kind is a
series of direct arrivals observed only over the block, resembling the effect of a piston in a
pipe, and suffers jumps which are discontinuous in time and are twice the amplitude of the
initial disturbance (because there is an incident and reflected wave). The arrival times are
governed by the (still simpler) geometry of the problem. The signs in all three sets alternate
because of changes of phase at the bottom.

Gravity terms, small in the first stages, assume more and more importance as time goes
on (at a fixed point), and finally dominate in the manner observed in most ocean wave
studies, including tsunamis, which can be generated by such means as described here.
For slightly compressible fluid, the initial gravity wave is determined and numerically
calculated in § 6, and the compression perturbation is inserted ; this result is expected to be
valid for times large compared with the travel time of the first acoustic pulse, but small
compared with the travel time of long waves (for which k% < 1, typical of tsunamis)—
or, certainly, not large. It is thus restricted in application, but is still of interest. In a bridge
passage (§5) we show that the sum of all the acoustic waves, in the limit of zero time and
infinite sound velocity, reduces to the initial surface elevation for the problem with in-
compressible fluid, so that this initial elevation is to be regarded as primarily an acoustic
effect.

At large distances (§7) the leading gravity wave propagates with the long-wave velocity
(gh)* (< ¢), and behaves like an Airy function which is small in front and sinusoidal behind
(compare the first arrival of a tsunami); as time proceeds, this wave becomes a non-dis-
persive progressive wave with an exponential tail (the coda) which is not the Airy function
limit, so that there is yet another transitional stage (§8). The correction to first order for
compressibility in the velocity of the head wave is of the same sign as, but smaller than, that
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found by Stoneley (1963) for a different tsunami generation problem (using a different
method). It is a decrease in the velocity. On the other hand, the correction in the coda
represents an increase in velocity. This suggests that some of the energy in the disturbance
is trapped in the acoustic reflexion zone and in some way transferred from the leading wave
of incompressible fluid, and spread out over the coda.

This paper is abridged from the author’s doctoral thesis. During its preparation the
author was supported by a grant from the Department of Scientific and Industrial Research.
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